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Bayesian Inference for continuous time GARCH
diffusion limit stochastic volatility models

TaeHyung Kim JeongMin Park*

Abstract We propose a new Bayesian Markov chain Monte Carlo algorithm
for continuous time GARCH diffusion limit stochastic volatility models and
demonstrate the performance of our algorithm through simulation experiments
and empirical analyses. Our algorithm exploits the normal distribution approxi-
mation of the posterior density of conditional variance using the one-step Newton-
Raphson algorithm. Our algorithm can be applied not only to the continuous
time GARCH diffusion limit stochastic volatility model but also to the continu-
ous time stochastic volatility models of which the marginal probability density
functions or the probability kernels of them are known. We present an empiri-
cal analysis results of the Feller square-root stochastic volatility model as well
as the continuous time GARCH diffusion limit stochastic volatility model as an
exhibition of the generality of our MCMC algorithm.
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A3V SolBo] A AR A EAQl SO BREY T T o}
H = A 2 2 (volatility clustering)-2 A H5}7] €5t 2 © 2 GARCHR §(gen-
eralized autoregressieve conditional heteroskedastisity models)-2> Al ZE Ao
7V 245 o8 El= B oth. GARCHE 92 2 F-ZA4MS A 7] 9] #4k
714-2l& 2] 34 SF4>(deterministic function)2 A2 FAof = Qs &
ZRE A & o Atk Aol vk AR AREANS AYste e
HYPor =524 S A= FEH-EEA R0l ATt FEHEAAR
o] AL, xAREAo] u|#=AbejH 4x(latent state variables)= A% F Tt
meba Y40 Batt e gdrE A7) ol n|RSAdHHETE AR A
(integrating-out)sjjof st &2 FA o] £]%] ¢t}

Nelson| (1990), Drost and Werker (1996), Duan| (1997) 5-& &= A]
o] 00& Y o o]4FAZF GARCHE o] AHAIT SEHFHRY
Attt AE At ol=gh At o]4FAIZF GARCHE S
2A|E o]-&5to] AGAIE FEHETAHARY etnE =ZXE 42 5 3
olmgtet. dRtd o = oAt FEM-F AR P HT A5AIL SEH-E
@ F40] H o|§7] "Zoll GARCHE Y S X| & o]-&5to] AHAITE
g o] SEHFAHARY wetn|E FEXE 25 5 Aok A2 W S8
ot ZFA o] = 4~ 9Jt}. Ritchken and Trevor (1999), Cvsa and Ritchken| (2001},
Swishchuck| (2013) 52 GARCHRE § =% 2| & 0|85l -2 AE5A7H &
A5 RY oefn| g 425 HA7H4 280 HA7HE 2ol o]-8-5kdTh.

et A4 F 82 T LHA] efth(Wang (2002)).
(e} 4

QU O 2 o ALA TE AR Hol S EAEFSE L S glonE o
£A7 SHEWSHRY F7o] o AT FEWFTYRTY FHRT olFeh

[e) [}
AEAIE FEHTAAR GOl AP Y 2UREATTE 7= 254
S 2 B9 49 E4UTE ol &3t ot o] A
&1 th(Singleton| (2001), Jiang and Knight (2002), Chacko and Viceiral (2003))
). A=t o]gfdt =AM ES XA EATSFE 7HAA] g FEW
EARY FA o] o] 83 4= ¢ltt |Ait-Sahalia and Kimmel (2007)), |Ait-Sahalia
(2008) 5= wA7MAC =RE 3 YA 22 WA d-82=0]
o]-g 715t 7%, Ait-Sahalia (2002) 2] HermiteTH} A2 o]-8-35F = 3H 2
A e iR o Sast 24U E Atk T WAL
ol g A s ARG R o|ald SEg T S A83)] of

ol
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Aok 1A HIH O] AubA Rl ASAIZ SFEHEA R Y FAH 0 2= (Gal-
lant and Tauchen| (1996)2] EMM, Duffie and Singleton| (1993)2] MSM(method
of simulated moments), |Gouriéroux et al.| (1993)2] II(indirect inference) =}
Durham and Gallant| (2002)2] SML(simulated maximum likelihood)5&AH =

o| Qitt. Ho| A HLHH o] =& © 2= [Elerian ef al.| (2001), Eraker (2001),
Roberts and Stramer| (2001), Jones| (2003), Johannes and Polson! (2009) 5-2]
MCMC(Markov Chain Monte Carlo)E ©]|-&3t H|o] x| el A Ho| 9ith o]y
o FAEL BTEAOR ABdA 7 FA M|k EAL A1 g

I

of. T3t o] & AlEeo] A7HE =AW E2 AEAT R 9] e deolitetny
& o] gato] oHAITH THEA| 9] HoISHBUE TS Aol S o83
1 9ok E35] oA A= L dejolitgte] whE o] 4hatH O] (dis-
cretization bias)E 01 7] Y&l TEAIHE Aol 9] e Aot Wi (data
augmentation) 50| 524 0 & o| &% 1 Qlt}.

Jones| (2003)-<- GARCH(I DRE o] Gz 7t Tt
FH <] %1/1\_}%}4;3 712 = AEAIZE ﬂg‘ﬂ JE o] Higt
A1 ES AAsHTE 12Ut Jones| (2003)-2 BEA1H Ato] o] ZEE-S YA
= ‘ﬂl"ﬂq Holl 242 F11 -2 Bl oy 2 MHY 17 2] (Metropolis-Hasting
algorithm) 2] & E*ﬂ A 2}-& U & $h(candidate generating density) & Z A5
Aol AJASE YU LS5 o] 8SITH= Ho|A G820 =AHHo7 E7] o]
At [Ignatieva er al. (2()15)01]/\1 ZARBAO] A E U S5 MHY
DElEe] FRAYREUE G5 o §5 Yk ALAIZ HEHEARY
5‘7‘401]/‘1 o|-§ 7tedt WS A=E oot HYo FHY o ol4tetH o t

A$e o dejolitsl Rl g Yol Mo A%
4> 9lt}. [Eraker et al.|(2003)2 A7t m ot 4 VHIE AR E
2 el dsle] the Bol7k £AY 4 9 BER ATk
oh2 A NSkt
GARCH =3t SEM-EAA RG] it Ho]Ad MCMCE 1L

A9] 1HA-NRE 17 2] 5(1-step Newton-Raphson algo-
e A S B U] A A B GARCH
S RN AR B oo U] T U e T
SHEH & 54 9] 87 (probability kernel)2 & 4~ = AEA| 7 ﬂgtﬂE
2R L URoLIS 2ol 44T 4 L YW Pl 7|
SofAE= W2 A &3} E= volatility-in meanJJ- o EX 1y
= gagEo] A= A= H 1 Toll A AlAstE EaeE2 wi¢
At olat g 4= Qlrh. of| ] A ¢l 7 Zﬂﬂ H, YutA Q] A&LAIZH EH
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SHRY 0| 2AREAS AN AFEEFET 4 = L A7)
oreld 917 orelf] oot 2 We T, B Aol AAsH 2ARy
ALO] TR A HPHE o] §5te] 7]E ATelA] AAIE thaket A7t

SFEHEAIRYS
ojt}. o]e} 2 2 A7} <
A+ GARCH =3t SHEH 54 3 1 @7 FellerAd| 5 S-EW¥-5/d 23 ol
et AF2A a2 AA R
2 =50] 742 the 3t 2ok WA 2720] GARCH ¢ 14417 318
ARl gt =2]9t & o]4HAIZF GARCHE G mten] e =4 ] ¢t ¢
17t g e s R wetuleeke] B, 127 232 9la e dzlo]

et & AAR 38 oA SEHEAE G et Hlo] A A MCMCY
1852 AASEL 13A-NRY 112]5(1-step Newton-Raphson algorithm)-2
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FAFRZAAFRECL AR 2T S A= TE A
SARE SEN TR s AH 2T 4doA s Rejd 9yt 7|=d
Tl A 248 Ao tigt Bl AT 24 S S5 2 ol A AljFe MCMC
dnEE] AHE AmEc T3 AFEA AR 58] 20014 149 3
A ~ 2014 1299 30 7]7Fe] L7F KOSPI200 2|4 =018 At o] Tjgt A
T4 Aot 1A Aol RY Ay By v A3E AASH
ApAlEre 2 64 of AEol A A -

[e)

4o
X,

2. GARCH =gt A& A| 2t

ot

FEHSEEH
(1) O|AFA|ZF GARCHZ2 Y O] H&A|ZE =5 nb

Nelson| (1990)-2 GARCH(1,1)®2 & o] A&A|7F =35t R4 (continuous
time limit diffusion process)2 A| A5t t}. Duan (1997), Fornari and Mele
(2000, 2006) 5-& Nelson|(1990) 2] HLHS K} 3H46Ho] thofst GARCHR
@ o] A% A|7E 5212 A A skl ch. £ 5] Duan (1997)°] 4 A4 F GARCH
23 o] A& 7F @AMA = Engle and Ng (1993)2] NAGARCH(1,1) .3 o]
ot AEKAITE Aty o] g gE7FA A o] Ak o]-§E 4L It [Engle
and Ng| (1993)©] NAGARCH(1,1) 2 &-2 t}-&3} 7},

122 |Gong and Stoffer| (2021)2 [Lindsten et al.| (2014)2] CPE-AS(conditional particle filter
with ancestor sampling) &1 2]5-& o]-85to] L IAXARFEANS Mo BEFE5= gL
g5o] Altet At I A8 REFE517] $loto] ot S EHE o] §-3tth= HollA
AAbre] o] & wREZ Wholth. et Ezlo] £o1A8 t, 21w ekrE At}
$I5 E] S HEE 0|8 tfj= § ATt e[S HE E o] &1ttt 2 Ho] 2 A FEA A=
BHEH o T 2ME & o] §ofo] AHRAE BEFFeInE ARMe] o] ul$ Ac.



80 GARCH ¢t S5 4R g0l chat wlo] 1ol 22
rr = 01—1&
0;2 =y + (71— —7061—1)2+B00,2_1 (2.1)
& ~1.i.d.N(0,1)

™, S A A7, 2|4 iid N(0,1)2 S 201 $UT ZEE
wEl EEATFEES etk 4 Q.10 RYL T 89 0% 370

o 719 27524kl BidA A Q] 9 niAe A9 4= 29T

-
_I
-

g Utk A (2.1)9] NAGARCH(1, )2 o] AEA7E =7 G4t 2 thax
2t
dll’lS, — thWh
do? = (0 — k6?*)dt + Ec2dWs,
(2.2)

2N
E [dW][dWZ;] = pdt

Gg N1G<1+2K 2(0)

A7|oA k= BAIAAEE, o/x 7P, (Wi = 1,2} = EE9Y 4
= YEY™, IG (a,b)= FHI T B 7} ao] 2 2A | Lupatu] e 7} bl A7t
B I (inverse gamma distribution) S UJEPWT} 629 FHIIEEZ 7 £4517]
AeiA = IEEK >0, 2?”2’ > 09] A|efo] FFE|ofof gttt 4] 2.2)= YA =
o] A& F o] of2h= ol A] Nelson| (1990)°] GARCH(1,1) 1.3 &] LA
7+ =25 shAb A v L2 = o), Ritchken and Trevor (1999), (Cvsa and Ritchken
(2001)), |[Fornari and Mele| (2000), Swishchuck! (2013) =-& t}oFst GARCH(1,1)
Y FHXE AEAIZE =2 A o] A 2] 2 Heketo] mp g 7 A A o
o|- g5ttt TEAIIMA S 2F 5HH, 4] (2.1)2] NAGARCH(1,1) 25 o] =2}
alejet 4] (2.2)9] AEAZT T8 SEHFAH R 9 ntefr]E = o 22
PAE 7H T

(2.3)
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7]l K= & 2] HE (kurosio)® EPc. Thebd] AT RES AHHoRe
74, k=3 otk 4] (2.3)9] WA= dHrH o= A (2.2) AGAIXIEY 9] 1}
g g E AL EAZ LEIY= F(annualized parameters)S ¥4 gH Zloct.
A1 (2.3)9] A= Al (2.1)9] o]4FAIZF NAGARCH(1, )5 42| £ o]-&-5}
of A 2.2)9] A&5AIZE SFEHF RO wetry FHXE 4 5 U=
< 9ju|sttt. 184 Wang (2002)-2 [Le Cam (1986)2] ‘deficiency distance’
£ o]-85to] o4kAIZF GARCHE Q(1,1)°]l tigt A4 F23F 1 AKAIE
23 Ry g BAY 22 W2H0 R FAH $eS B ol
GARCH(1,) 27} AEATE T3 R P o| A 54 A WAL Fo] A= oE
Aol T2 Zolt. whebd 4] (2.3)] TAE olgske] AL AL ARG
eta| e S 25 A 3E 7HA A o] o] §5talat fhthd ol gk A&
Tefsk Flo] uhe sttt

Heston and Nandi| (2000)-2 o]AFA|ZF GARCH(1,1) 2§ 9] A&A| 7 =5t
2}go] FellerA| 27448 uF2 & o} 87} 22 GARCHR 3% A A|5tsiet.

re = U — %Gtz + 0 &
o7 = wy+ 0o (&-1—W0-1)* + ooy, (2.4)
& ~i.id.N(0,1)

Al (2.4)9] AEAZE =8 -2 ohaa 2o
dV, = k(6 —V,)dt 4+ o+/V,dW '

Al 2.2)9F &l A 2.5)00= st fidagel] ol g 2 AFEA W
A Ao 5202 vyehtal Qi) (Christoffersen et al.| (2006)-2 |Heston and
Nandil (2000) 23S LHtslsto] G7F-Q- Aol E 3L (inverse Gaussian distribu-
tion) S 7}2) = GARCH(L D2 -2 AN etk B2 23243740 o
S A7 A2 FellerA| B 274 S THET

Corradi (200014 2] 55] B}6} o] o] AbA|7F GARCHRE 9] G144}
=t g2 5-LotA] ¢rt. T3t Duanl (1997))l A AJAH HEet Zro] A= o}
2 O|4FAZF GARCHE 0] T Ut FH o] AGAIR St o 2 -3t
wpepA o]4kAIZF GARCHEL S =& AEAZ=3 24 o] nfefr] e 27
A2 o]-g-5}a1a}f thH o] 2]t o|4FA|TF GARCHE 3 1} A& A7 B3 119
PAE ejot= Ao] Basith

Z| L o]AFAI T GARCHE 1 5 A3t EAJ & 7HA] = TRt 5417 GA-
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m

RCHR &-E0| A A &) 11 Q) th(Kliippelberg et al.|(2004), Brockwell et al.|(2006),
Haug et al| (2007) 5. Lindner, (2009)= o] AFA]7F GARCH R & 7} ¢14:A] 7} 3
EWTAARY ] A TAof i Bot ZAAAGE =9 A XSt 2 A=
21 (2.6)9] o] digt HlojAA & d 52 AAlst=d 28-S 1L
OB 2 AEAIZF GARCHE G o gt =29]+= ¢ o] 517 27| = gttt

(2) G2 AIZH GARCH 23t SEHIS DY

A (2.2 thet o] Yuista 4 9k,

dV, = k(0 —V;)dt + oV, dWy,

(2.6)
E[dWltdW2t] - pdt
Vo= 1G 1+ 25,22)
A 2.6)2 FAELAA Y FAYFE 2AFEAV A drr A4S A
oIt} 4 (26)9] ANZIHZ © Slelo] Hokn B2 Tt ol 2 2 Gk
I’,:,uA—i-(Sv,—l—\/\TtE, , & NN(O,])
Vt+1 :ﬂ+¢(Vt—“)+6nV[nt 5 n[NN(O,l) s \V/Vt >0
‘ 2.7)
2(1-9) 20-0)u (
Vi NIG(I‘FT%,T)

corr[g, ;] =p

0= 1 KA, 0y = oV/AOI B, W, > 02 @ AefolArfa 272
12 olulsh Aoz Io| e v, o] Qg AT F S B )
>0, |9] < 19] Aep2710] FZ 5| ojof G}, AT}
SRR B9 OMIBHHET BAF 4 9 HER Ak o] o
(Eraker et al.|(2003)). w}2}A o]slo| A=A 2.7 EF S F4Ho 2
FE WS oo 2 ek
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3. GARCH 25t 312 HEA D 80| T3t 0|29 22 Ln2lS

Al (2.7) 2ol gt w0 25 fldll vk 22 whetu| o thgh
e R E L
T :U“A) - N(buAaEy,A)

(
( bs,B

3.1
( (3.1
(

oA7|o| A N(a,b)2}t Nea)(a,b)= ZF2t o] aolal A4kl bl A= e}
shota} AFsto] 22t ¢9}F d Q1 A A 5 3 (truncated normal distribution) & Lt
Efich. pst po] AP E U Egol] R {1 > 0, (9] < 1}¢] Alekre
ZAFZA] 7)ol A ot Al 2 A R4t o b/ 1t
AgupREE o] v REE ZAE It AFxdolt (6,7 = opn,)' 9] Al
ofsto] FEAIG Ao 2 ntetulE {p, 07 | AAFEESFES] 5] =
A= Jacquier et al.| (2004)0]| A AA]E HHS o]&517]| 2 St Jacquier et
al{(2004)= {p, 07} BESFES}7] A5l oyn = ye +we, , ¢ ~N(0,1)
o] 3] A4S o] 85t S AL o] 34N v = poy, , 0 =
(1-p?)opolth {y,0* }-& AAFREFET = QIThH, p =

)i

n(y,0%) = n(y|0*)n(w?)
m(ylw?) = N(0,0’B,,) , ©(®*) =1G(do/2,50/2)

(2) A=BEEZE

A1 (3.1), A 3.2)¢} Zo] ARG EL L5 AASHH 2] (2.13) o
ozt #o] A F2& & 5 vk Hlo| 2B E o]-§5to] SHEHETH R 9
ohab] e W = (b, 8,1, 9, ¥, %) oF FIRSAFE S 2L (v} ©]
ASALS 25 T 3H=(joint posterior probability density function)& TH-S1}



7 (2 [ H ) o Pl 9,63) AT p(ris v v ¥)} p(rrlvr w2, 8) (%)

(3.3)
o714 n(¥) = n(u*)n(8)n(w)(9)(y, w?)olth A (3.3) 2RE §7)
ol W = {u®,8,u,0, v, 0} 2} {v} S AT REL PAT 4 glonz 4
(2.13) 2o 3t Wlo] A FEE he T} 2 AF AR FEUEF 52
RE| eAbH 0 2 AFEREL HYAots AL yhEste Zo] .

1

()m <{Vt}zT:1 | {rt};Tzl 7‘1‘)
(i) 7w (T| {rt}zT:I a{Vt}thl)

T (‘{Vt}tT:l |{”t}tT:1 7lp) o< P(V1|.ua¢76%> {H;T;ll P(rtth+1|VtalP)}P (”T|VT;IJA75)

3.4)
A 3HEEH (v} 2 70| BREZ5= Aol o]z eng gt Ho]
U gREzs= e olgd 2ol o] Ao r=1,r=2 ..., T—1

H
a3 =TAHE PR
Shh. {r,vis1}o] B HHE 3 joint markov) 4 A& 7HAE 29 0] E4o]

T 5 . =

(v, 0 S EARGEUE S G20 o &
229 v} mhebuelis Foi1l Zlo|ng o]s}o]
1= 0]of 4] whetn| 6 Yekstr| 2 s,

2H Aol A gt Hof| P4 v & B FE5HE SMS(single-move sampling)& A9ttt
o]stof A A A== SMS+ 2 F2A4ke] &7 o] 3.39] [Table 1]l 55 thefst S
= OE2s By 44 &8 5 Qe F9% 22T otk A - 1A 1l (2017)2
BIOxAFRA ] AR(NIHE S T2+ SGEV TR JHR s B2FE0 & AFA

BNl

F

ddrAQl SENY S HEE B o= HH -2 R (2017)9] G252 dutstst Aol
Aol Bedat A QA7 1 e5HA] Y=

Z5H= MMS(multi-move sampling) B T} 2 5% 0] §-84] o] 2t} AAHA o] Hotal 4 g A7t
2 1 #5IH MMS7F HEEA] SMSHTF 8% ¢l Ao 2 B 4 gt ESS(effective sample size)
AT EES d=t A8 5= AT B st
= AT ESS$} IFE o] §ofo] 2 127 H-EA
o] AR(THY S 2= B ol gt FE o] SMSet MMSE o]-§5t= 748 H W o] &
A Z1% 4= 9t

— =
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ot—=1

(= 14780 A%

BN
Y
=l
19
L
ji=}
I.n
wk
5
rr
ni
oo
i)

N,
nf

m(vi|ri,va) o< p(vi)p(ri,valvi) 3.5)

Al 3.5)0f| A O] A A 2 GQ7upR o] etELtaolBE Rl
(mode)ow 221 Hl L AN E o] g5to] AHEER ZAE £ itk T WA
1o Ao 1THA-NRY 11 2] 5(1-step Newton-Raphson algorithm)-2- ©]-&
Slod Xé?h:ii A 4= it 13 4-NRY 112 52 o]-85t7] ¢l 5
A2 el Aol Wasktt 4 (3.5 Lol A WA FL v o] AR}
EUL o] siEetth kA vi o] S = & 5 e AASEY =S
of W Ei AVPS TRACZ olgal I NRT L FOR 5 Wl
A & A= AR 257 d(probability kernel)& A& 4= it =,
Inp(ry,v2|vi)oll 1EA-NREIL 52 H-85t Inp(ri,va|vi)S /\}0}— %]
FEE BEALS A rk. o2 o] g5, 123} ol 4] 3.5)9] 2+ F
AteRE A 4 ok

IN

r
O:

o

=
—~~
=
\.<
Ll
<
-
Q

Vi

R (3.6)
N<V1|Vl mj +Zv1 [w‘vlzml] 5 Zw)

(1-9)u Pinp(v T (_a-om o
A7V i = arr(1-g) M1 = [ ot - '”‘} _(c%+(1—¢>u) (4c%+221—¢>)
}ﬂ%%wmﬁ olth. 4} 3.6)°14 3 WA TAFA Azt
o] ZHlgkol|l A ARG AR X E LepdT). A5 B (convoluton
ol83rel 4 (6)0] AHLESE A g w80l At 23t
v 22y o) AFEARSAEYEGS] T ARHTRE 2AE

o}. )
— mi 1 —

=TNge (M| —+— | M 3.7

9t1) “”( 1<M1 zw> ‘> G-D

—1
A7) My = (3 +5-)  oleh.
v
A (3.7 & SRS EL L2 o]-8ol= ARMHY 17 2] 5 (acceptance-
rejection Metropolis-Hastings algorithm) © 2 v-& /\}—Orlli—zr%%} 4= 91t} (Tier-
ney| (1994), Chib and Greenberg (1995)). ARMHY 1128]| 5-& At EHFZ0

, Xy,
=g
ST

mlo L N

rule)

.o

n[o
i)

ne rg

tlo
P
%9,
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i

BE4S =017] 918l MHY 11 8] 53} 7] ZF 3 2 5= H (acceptance-rejection sam-

pling)-& Agtsto] BE 2 Zsh= W oldf] 712 E 2 52 (rejection sampling)
Metropolis-Hasting acceptance prob-

7| R R E2EW 0 MHe 1 2| 50 fedEe 7zt

ability) =2 ZJ|Ei5}H zd
= Z
<mmﬁ):mm{L”@ﬂﬁ””} (3.8)
q(vi)

1
w(vi|ri,v2) min {ﬂ(v’ﬂrl V2),q9(vY)

(vi]r1,v2) min{m(vi|ri,v2),q(v1)} }
}

aARMH(VhVT) = min{l,

ARMHS 11252 o]- 8514 91, 4 (3.7)% F A5}

A= MHE I 25 (Metropohs Hastings algorithm)-& ©]

o4 ARMHS 2] 58 o 85 B4 AT HEE
slgtolct

ﬂil

ot=2 - t=T—1
(=2, 1 =T— 1A v, o AF2ARSEUL G the} 2t

n-(vt|rt)rtflavt+lavt71) o< P(VthH ’Vz)P(’”tflth|Vt71) (3.9

A 3.9)°14 v, o] AFASH Y So] gt Se] A G thet
e ATRER e 4 9k,

p(rl—lvt‘vt—l):N{mbMt} (3.10)

A7V NA sy = 1+ ¢ (vt — )+P6n\/ﬁ(7’;_1 _HA_5Vt—1) M, = (1-
p*)opvi1olth. 181 1474] daElso® A (399 A HA = At
TR A 4 At S, lnp(rz,vt+1lvt) IZA-NRL 155 24-§5H4,
Inp(r,vip1v) & TASHE A2 SFE7ES &= 7 Ut o] o, 19A-
NRL 15 482 fIt 14 m & th=3t @01 Aeiet 4= QU

M (3.11)

3 ARMH2 17 2] 5-2-|Shephard and Pitt](1997), Jacquier et al|(2004), Watanabe, (2000) 5] 4]
2IZANENGS ARG FEO L ol S H AT
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3.10)°] Bt g o]-85HA] &
Itk A GIDe FREL x4

>
o ~

N e rr e 2

Al el
)
i)
o
)
I
rr
>
2
filo
rx
of
D
i)
L
o
=1
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R ~ [dnp(ri,vig1|v R
p(rt,vz-t,-]‘vz) ~N (vt :mt"i_Zv/ |:p(évt+|t)‘v,—m,:| ) Zw) (312)
t

A —1
Aol £, = [~ S|, | olek. 4] 310)3 4] 3128 Al

o] ; 9
av;

A H| SO AloFS Rifsh, thE 3 E2 v A AR 2 A F S E U e ot T §

sl

=

_ (m 2 _
q(vt) = TN(,e0) (Mt (1\; + Al) ) Mt) (3.13)
t Ve

7 1 1\7! 5 5

oAV, = (5 +5-) otk 1 = 171649 2o 4] (3.13)& TR

UL E 0] §oHt ARMHL V215 0 2y, 9 AT B2 AT 5 Uk

ARMHE T259] 712t R EFZ 47 MU T2 59 AHS8L 717} o3
3} g}

(XAR(V;) —mln{l , Tc(v;(‘rtvrl—bv[-‘r]?vt—])}

q(vi)
(3.14)
OarmE (Vi, V)

_ min{l 7T(V,*|”tartfl7Vt+17Vt71)min{7f(Vt‘Vt,’”tflgthrl,thl),C](Vt)} }
’ 7T(Vt|”t,Vt—1>Vt+1,Vt—1)min{ﬂ(Vﬂ”t;rt—lavt+lavt—1)aCI(V;F)}

ot=T

x(vrlvr—i,rr,rr—1) o< p(rr|vr)p(rr—1,vr|vr—1) (3.15)

(=2, 1 =T LAZOIAS SRR A (3.15)9] S99 5 A G2
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P(rT—l,VT‘VT—l) :N(ﬁ’lT,MT) (316)

A7V NA iy = U+ @ (vr—1 — ) 4+ POy /V1—1 (rr—1 — W — Svr—1), My = (1 —
p?)opvr 101tk 28] L inp(rrlvr, u®, 8)°l A -NRL 12| 52 2-8517] ¢
ﬁi—ﬁriﬂ = b Zo| AEe o Qe
_ ¢(ar)
mr = mr + MTI—CI)(GT) (3.17)

olth. Aot ubx7 A & 4] (3.19)2 SR A S
HY 12502 v 0 AT ES AT S~ Q)
REZZWI MHL 225 0] JUSES 717 0o

rLtlm

A7\ MMy = (31 + 5 )
UL SH2 o]-85H= ARM
ARMHZ 32|52 7]7}
7} e,

_\1

o

% . ﬂ:(V*T|rT7rT—17vT—1)
our(Vy) = mm{l ,
q(vr)

(3.20)

OlARMH(VT, V*T) =

min{l m(vrlrr,rr—1,ve—)min{x(vr|rr,rr—1,vr-1),q(vr)} }
9 J'L'(VT’VTJ’T—I,VT_1)ml'n{7L'<v*T‘rT7rT_1,VT_I)jq(V;)}

Sl gNA E g () o] AFEESE B A FEH R b2 of
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A ol DSt plr,vealve, - ) (p(rivalvi, - ) B plrrlvr, - )
of 21etEUE o] ITA-NRYTES Aate] 2414 1ol Bt
2X SFEAES A+ W= ol&st ok - Inp(r,vipalv, - )Ol
vof tisto] HHA @ E(globally concave)o] oft 22 o]} ZHS THA|-NR
Gl 5o o|-&ots FAOA 2A| =7t o] FEE B[] H= 24
7h IS 4 Sl B o HAPIR R Inp(r, v, - )] FHIEE
Bg 21 ook 2} o] 29 AHsje] Akl Bo] 423 4 glrhe
o} R4% 0 R} A7kelA) Qreh, vol AR E R
= A 3.10)3 2] (3.16)9] AZSAE 1HA-NRY L2 F2] Y
S UL AAT BAE FLNA FEet. BE ) G822
74113-%? 7t gol & 4= QU o] A 1A EpEES o]-& OP— 1A BHHH
ot 11 2] 5(Berndt—Hall-Hall-Hausman algorithm)-2 ©]-83& 4= QIt}. o] 7

2
gl & (Sl ) 02 GASK: Aol e iz
=71 H]-891 A9 o]} o] IHA-BHHHY 12| 5-& 2] g6lo] AL HFh
E AL A e 5 A ol MR AR REFEC] 8 M EA o

% olth. ZLejut ARMH T E] 5ol A A 24 92 SHAAE UL
% ol gl T2 HEFZ 0| v AR Ao MHAHIES FolA £

W ot E W = (5,00, v, 0%} O AFREZE
Fwdte] Toldl 3o vlnx A Hetig ol Apsee 4HY
&l (v} L7 FoARE W, 4 33)0mRE g 22 {pt 5} A
$§a$25g5§*205§*01 . O|5Fe] =L AW _ = aE A ]S
v 7] wetu| el 58 LhEhint
7 (18 1{nhy s ¥ g ) (321)

T-1
o< { H p(rtavt+1|vta.uA76)}p(rT|VTa“Aa 6)7‘:(“A)TE(5)

t=1

2 (321)& RS, {u, 5} o) AT REZEL 9% T3} TL AFEE

4o

= [e]
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RN SRS E‘rﬁﬂ BHHHY 112|525 ©]
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U S} ) ¥ a5y~ N B (By o+ (D5 8+ 422 ) B

(3.22)
T-1 / / -1
B=(B'+ Tl AT
( 0 (,—21 (I=p2)v, * vr

0:17] Oﬂ}\i bO = (Q”A,QS)I, BO - diag(EHAaﬁﬁ)a {xt = (lyvt>/}[T=_11’ -—_‘La]—]—,—
T-1

{yt _ Vt—P(VHIGZ/'\‘/%‘p(V’_“))} O]E]—

t=1

2R R Ao B shetule {10,007} S AW BEFETE
Zo] BrFsstn e MHY el 52 o] §dte] AFREFET 4 ek, WA,
nol AFE ARG UL G4 The 7t o] ZoFd 4 Ik

T <ﬂ‘{rt}zT:17{Vt}tT:17'P—u> o< p(vi ’Haﬁbﬁ%) [

—N—
- g 3

—1
P Vit |Vt;’”t;q")} 77:(.“)]
=1

4 G2l [ - ] Aol g dolch

M
Mo
i)
o
B
iy
rlo
i
i

q(1) = TN(geo) [_u <§,IIQH+G%( —

=1 V2

_ N2 B -1 _ .
1710014 By = (B;‘ + s r L) etk A G2nE RS ED
E @42 ol 4ol MHI 2502 uo| AFRES AT 4 ok THE

2 o MHA S-S o123} 2k,

* 2
p(Vl‘.u ’¢76n)} (325)

p (p, 1) = min { 1, —————"—1°
( ) { p(vl|“7¢7GT21)
0802 09 A2 AR EY R ESE 012} 2.

7 (0 1003y s ) o prali 0, 03) [{T p (vt v ) } 2(6)
(3.26)



91
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A1 (3.26)001 4 [ - |22 tha i 22
= _ 1 (=) (Vg 1—— Ve (re—pA—8v;
g(¢) = TN, 11)[ o (’%%ﬁm tT:ll( ) (i 1—a p:ftznf( # ))>’B¢}
(3.27)
71N By = (B, + gl X1 10o) ol Jeinz 4 327)9)
(0)8 FRAIE RS L2 o 8o MHS TS S o185 4 3k 4
At FEEE 9o MHAEISHE 2 Tt Er
p(vl“’ta(p*ac%)
o (0,0%) =mind 1, (3.28)
(997 { p(lu.0.03)

[N
r_ﬂ
dr
Jt

sAat {v, 02} el A%

mAEre =, {p,of )& A
EUEdes et Ak
(3.29)

(v b 0 % o))
T-1
{ H p(rtavt+l|vtvlp)} (Y, »%)

]

p(V1|,LL,¢,G%) [
=1
Jacquier et al.| (2004)°] A|°oFste] F-FAMEE FEFZHH S o]-8517] S5l
oo 2o Bxabg Al 2 {y, 0} o] AHASE U ges A5ty
c}.
ﬁt:‘/’81+wez , e¢~N(,1) , t=1,-T—1 (3.30)
AZNNM e = e = =i — )] /ve . & = (1 — put = 8v)/\°1E ©I
ok 4] 329)9] [ - |RBL T} 2L F-AguiREe] SEAYYL
oF 2 0]
= T X
n(wzl{ﬁz & ) IG <do+T Lot E AR (8 e )/ (B L 181))
) [ - ’ 2
~ T—1 Z, 81771 2
ﬂ(‘l’\wz{nn& =1 ) :N< 1+IZ, 'e? 0 By, +OZ), 18;)
(3.31)
|-gsH= MHE 2502 {p,02}¢]
EEE‘ {w*’wZ*}_‘%

A 3312 FHAPHSEUEFSR o
B3DH2EE AAdSE S

=
NFERS BT 5 Ut A



p= = o} =Y+ 0] A VA ol83lo] {p.05} ) T
FEog Hee 4 Qlrk. 12| 1 o|F A Hete S H RS o2 4> MH
A2 A FUOE {p,0]} & AFEEZET & Ak

2%

2 271 * . p(Vl|.uv¢7Gr, )
oy ({P,05 1P, 05t ) =mind 1, ———= (3.32)

{ 77} { } { p("'l’“vq)?c%)

(3) YO HAEZAIZE SEHS I 2 YO Tt H|O|R[AH 22

3204 =oJet £AFEA ] et AASBESE dgEe] A8H £
AR LA AR LA GARCH 33 S5 4 29 Byt opu e choyat
Q45417 B o[ AHAIZ S EMEA BP0 AREA AT HEZZ ] 0]8F
% olth. A5 A SHEWEARY 242 915 S Aol 1atE o] §5H 4
-, 19A-NRY A2 52 o]-&5te] ZF Al o] 2 R4 AR 2 S TAFE
% itk ol 915 Wash AL 27] AR FAUIREL TE 25
AdS G o Qlojof Shrp= Holo}. |t Ignatieva ef al.[(2015)+= A e H4=9]
ARG EAERSE AL D52 o] §oHe MHZ T 502 &

AR LA AFELFEFAY. T} o] A9 FREEAHo] 412 v
MH312]5-9] A5 S8 A ejshgo] 65% o]5tel %97} o] m 2 o]
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FE0| 3FH 7]E AFEolA 4Rk
Z o2 o]&%F RWMHY 1 2|5 (random-walk Metropolis-Hasting algorithm)
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H
[e)

)
B
olo [
Hel

AR Ml o857 4ck. Eg AT A AT REZAE] P o] 85}
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o] z}-& BHE 1A o] F A (stationarity) ¥} of] 2315 A (ergodicity)2 FZ51H
St o= 71 % 71-2 [Ait-Sahalial (1996), [Conley ez al| (1997) S0 A Z}HA|
5] =o] 5 v Qi 2UARZAY QA dr]o|Ae nxtr kR &2 P4 Hl
(non-negativity)-& ZZ35lojof StE R thr]o|x}-& SHEHA o AR &= ok
4, A28, L4 5o £0] FdsHA A8E 4 Atk vt 22
ZAFZA o] AT o2 Y-S FEo5HE

-

dvt = [J(v;)dt + G(v,)dVVt (333)

v o] FUSEUE S0 SHEADS the} 2ol 27 4 k.

p(vg) o< G(lv)zexp </X i‘zftb)tz) du) (3.34)

Table 1] 425 SHE o145 0] FASEUEFSLE & Foi4 gone, 1
of dubAQl eI o] FASEUL PSS et A (3HE o8 5
o

H 1: Stochastic processes for continuous-time stochastic volatility models

i) dv, = kv, dt + ov,dW; Johnson and Shanno|(1987)

il) dinv, = k(0 — Inv,)dt + odW, Wiggins|(1987)

iii) dV; = xV;dt + cV;:dW,; Hull and White|(1987)

iv) dv; = k(0 —v;)dt + cdW, Stein and Stein|(1991), Schobel and Zhu|(1999)
v) dV; = k(0 —V,)dt + o/V,dW, Heston|(1993)

3/2

vi) dV, = k(0 —V,)dt + oV, “dW, Ahn and Gao|(1999)

Note: In vy and V; represent the conditional standard deviation and conditional
variance, respectively.

Table 1Pl 4] v = ZARBEZHAAE, V= AL EAS YERARL
o] SFE A E 7124 [Stein and Stein| (1991), Schébel and Zhu|(1999) 3} Heston
(1993) 9] sHEHd2 1P Hi(closed-form) o] FE=o A 714 &
ol st T ot Mable 1A 1)3} iil)o] SHEHHS 44 ol fal AR
ot [0 Z A 2](1t0’s lemma)ES ©|-&5l] 2 X ARBANEELE 20X AR TR



ZHAp) YO AT YL o] Bk Zlo] FEUEHRY F o] Hr}
we| g 4 glek.

B Ao L=329 MCMCY 8] 50 2 AT AFE R R O] EAS AF =
O 2 A B Ao A Aot MCMCY 11 8| &9 Aitel A E(accuracy)— iy
HE 7|2 gtrh o] & flofl that Z2 e dejol4tatny 22T =2000
o] Atz & AT &, 3204 =2t MCMCY AL Bl &< 01 Sl HYgS F
Aote RS 1,0008] 4=F5H Tt

r[:ﬁet y EtNN(O,l) (41)
Vir1 =1.54+0.98(v, —1.5)+0.18v,m . 1 ~N(0,1)

corr(g , n;) =—0.7

Al (4.1)o]| A o] el ZHE-2 [Christoffersen e al| (2010)f| A4 2413t 1996
19 49 ~ 2004 1299 31 7|79 S&P500 724 4015 L7t AH= o
et 24 A0S aret ol A (4.1)9] o|4teln g2 o] g5t At mE A
dotal RO dt AL @ dzlo]ital o)7L nhetu g Ao nx|=
ANE FAR oy 2 Aol A Akt MCMCY 118 59] AJ7HE Am K 7]
ot Rojdel o= thEat 22 whetn| e S0 AR EU et E AR
Skt

(W) = TNge) (0,10%) , 7(¢) = TN 1 (0,10%) 42)

n(ylomega®) =N (0,0%/2) , n(w?) = IG(2.5,0.025) '

oA AFFEE Y] 5L FRsk7] 915ke] 5 70000709 AHFEE-S
%7 50,00071= A 23+ U =] 20 00071194 A]—;,ET_EE—WH 57match
| B2 Adste] Foix]E 4,000/0E AFFEE o835t f] ol
o 2 Aozl 1,0007]9] AFs q—fr_Y-(posterlor mean)oﬂ st QoFEA|
3 [ Figue 19] A3510] 510 o1 T - 20009 A28 599
o] @2 watn]E S o] A4 o] B (mean), 3T A (standard deviation),
95% HPD—_rLZl-(highest probability density interval), RMSE(root mean squared

my b v HI
rlo 5w 1o
ok a5 ol

_{oh lj?_;

l

SOl AR T AZH M o] 2EE MCMCY 18|52 gfortran©. 2 2 =] 2} © ™ Intel-i7-
6700 CPUS} H| &2 327] 7}‘3}0] EE A2 PCE o] 834tk T = 20002] A d2t5 E4 A
129 9F 150~1803] o] AFZ B2 FZ0] 7Moo gt
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error), MAPE(mean absolute percentage error)S X [4.1]19] 3@~7H0f ==
shoith. 123 6343} 732] Waldo®} Waldo = 247k T8} 22 517)419)
Aol et Ho:a =03 Hy:a =0, b=19] A7) it 5%-H-o]5F
Wald A @] 7| Z+-&(rejection rate)-2 LtEHACEH

(@) VVire — /o, =a+e, , (D) VW =a+b/T+u  (43)

7] A e FHEEAR S\ e B A o] AFS -2 LFERAITE. “quadratic
spectral kernel’ Y} ‘automatic lag selection’-2 ©]-85}0] 2-2 |Andrews| (1991),
Andrews and Monahan| (1999) 2] HAC-5-3415] H (Heteroscedasticity and auto-
correlation consistent covariance matrix)2 4! (4.3)2] ZF HFA Al o] A|4=o] tf
et Waldgd o]l o]-&stitt. & [4.119] 8383} 9380 /v, o] AR o2] A}
5 2 4517] $15F RMSE(y3) = T 101 (Vo — V5, ) ok MAPE( ;) =

rapiet (V) «1o09) Al S asREARE e
3223 (v}, o] B MHA R8-S upA g} 10e) o] S=25}4 e} 12 7 Figure
19] 22 P2 T =20000] FAYARE BAste] J.e wtatu]g5o] A5 5
9] S| AE 133} A4 A 93 Y &g (empirical kernel density) S T A GH
Aolth. a1 9= W g 7t YAt o] tg NAGRCH(1,1)2 3 nhhu]
2252 4] (2.7)0] 4%} Zo] 9447t GARCH =35t sHEH 54 n g9l
tatn) g 2 Meksto] dojx| = ntatu]E 2% 50| 5| A& 1H1} A YstE
W5 g2 T A Aot Figure 19] 7t i o 4] 222 4.2 Futatn| e ghe
L}ERLY

[Table 22} Figure 12] 2Z 39S B o] A AA|G MCMCE T 2| 502
%25t natu] o] A5 H 75 9] W o] utetn] e gtS o] 71l 95%HPD
F7ro] AutatulEZES SR Bgtsls £ ATME HojFw 9t 14
2 103)-2 2 ¢170] MCMCZ T 2] 58 o]-g5to] AT 2 AR
HAro] MHA &S OF 87%91-¢ HolZ11 glt}. o]9} 22 F7] o] MHAH
2o ZAREA AALBULFHE THAYSGEUL TSR o] gl
Ignatieva et al. (2015)2] 12| EHT §84 08 X AREAO Al S g S
A XG-S0 m| gt Table 20l A Waldy ©] 71 2+-&0] OF 8%, Waldy, ©] 7] 2}
oF 20%, MAPE®] B#0] oF 13% 2 12 17204 Z| A5} MCMCZ 1.2]
W54 ToH g Adsl T 9182 HojFw glrk

T—
=9]
=

Figure 19] £ #do] 55 NAGARCH(I,1)®2 3 FH2|E ©]-&5}
Ao AEARY S Y FEHFAH P O] stetv e A2 S diRt 2o



96 GARCH =3t 5054 2 of thet Hjo| A =&
3 2: Simulation experiement results
True Mean SD HPD95 RMSE MAPE
u 1.5 1.4297 0.1570 (1.1131,1.7225) 0.1719 9.1742
0.98 0.9747 0.0063 (0.9619,0.9844) 0.0082 0.6114
c% 0.0324 0.0338 0.0066 (0.0216,0.0459) 0.0068 15.887
p -0.7 -0.6694 0.0632 (-0.7727,-0.5400) 0.0702 7.3379
Wald, 0.08
Waldy, 0.195
RMSE(\/v;) 0.1831  0.0291
MAPE(\/v;) 12.6135 0.7337
OmH ({VI}LI) 0.866

Note: In[Table 2] columns 3 to 7 in rows 2 to 5 are the mean, standard deviation(SD),
95% highest probability density interval(HPD95), RMSE (root mean squared error), and
mean absolute percentage error (MAPE) obtained using our posposed algorithm for the
generated samples of size T = 2000, respectively. And Wald, and Waldy; in rows 6 and
7 represent the rejection rates of 5% significane level Wald tests for the null hypotheses
of Hy:a=0and Hy:a=0,b=1 in the following equations.

(@) Ve — o =a+e , (b)) VM =a+byi+u

where /vi™ is true volatility and /7, the posterior mean of volatility. |Andrews
(1991) and |Andrews and Monahan| (1999)’s HAC(Heteroscedasticity and autocorrela-
tion consistent) covariance matrices obtained using quadratic spectral kernel with auto-

—\2
matic lag selection was used for the Wald test. RMSE(\/v;) =T~ 1¥/=1 <\/v§”‘e - ﬁ)

[ rue
Vi

mean of /v, and the average MH acceptance rate of {v}L, are in rows 8 to 10.

. MAPE(\/v) =T~ 1L,=] (7M) x 100 measuring the performance of the posterior

NM 7 =l "He metul e A adE Aishs metmlE polo
Figure 1] -5 4] 554 RoJ4Ud A3= NAGARCH(I, DR Y FH ]
et A 2.7 BAE o835t E2 pFE A Hutetu|E Het EdA]71 H
A #4427 ee HAFA 3l o] o4 A GARCHE Y F
HFH A2 AHA] & FEHTAHRF Y metny FAHAE olF

=

o
ol
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Figure 1: Simulation experiment results
NelsonSV model NAGARCH(1,1) diffusion limit model
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Note: In Figure 1, left panel shows the histograms and empirical kernel density

functions of the posterior means of respective parameters of NelsonSV model
obtained by analyzing the generated data of size T = 2000. Right panel dis-
plays the histograms and empirical kernel density functions of the parameter
estimates of the discretized model of NAGARCH(1,1) diffusion limit model
obtained transforming the paramter estimates of NAGARCH(1,1) model ac-
cording to eq. (2.3). In each panel, the vertical line represents the true parameter
value.
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I

g ol =2 Aol A AAF MCMCY 1L
59 ATE AnH 7|2 sttt B Ao o] 835t =2 Christoffersen et al.
(2010)of| Al ©]- &= 19961 1Y€ 44~2004F 129 314 7]7Fe] S&P500 57}
215 £ G AAmolnt. 2 AFof|A] o]-83F A== Yahoo Financeof 4]
t}-$ 2 =51 2k 7 o] 2 2 [Christoffersen ef al. (2010) 2] 2} = 9} A &ts17] A 25}
= geth I Estal ASE4 A3E Hlwot=t & Fel+= gl
Z1 0 2 mdE o) |Christoffersen et al.| (2010)of| A &} o] -2l & 2] HA-S A
A% A7 5 o]goto] 2t 2 SEHFTAALE S F4 5Tt

R

dinS, = \/V;dWy; dinS, = \/V;dWy,
dV,=x(60—V;)dt+0oV,dWy, - dV,=k(0—V;)dt+0+/V;:dWy,
E[dW,, dWy) = pdt W Elaw, awy] = par
V():IG(l—i—ZK 2K9) VO:G(ZKO 2K )

o2’ o2 o2 ) o2

(4.4)

A (4.4) i)NA G(a,b)= FE==RE 7} ao] AL 27| dutetn] e 7} bl ZFut
2EE UehiTh 2752400 Fellerd| B2 02 4] 44) i) B9
S Heston| (1993) L g o]2t1 k. Sttt Al (4.4) ii) RS @ dB|o]LtsslH,
ore 3t 2.

r=\/i& , & ~N(0,1)

Vipl = L+ @ (v — 1) + 0O /Viy , M~ N(0, 1), ¥y, >0
b~ G (2 209)) 4.5)

2 9 2
Gn 077

corr(& , m;)=p

7

——}

M =04, ¢ =1-«KA op =A™, Wy, > 02 ZHFEATO]
ojn|stE AleFz oIt T2 A (44) RP5S 2L 0
HlojA A FE2& s 4 4.2 AHdEd eeE AdsHH
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Al (4.4)9] g tigt =4 A}=[Table 3p]l =F=o] ot 4] (44) 1)
¥ ii)e] AHKAITERY whetu|E = ZHzt @ dejol4tet g o nhetn|E &1}
O] AR u=6A, ¢ =1—KA, o = VAt u=6A, ¢ =1—KA, o =
OA o] HAE o]-&5to] A& 4 St A& FA| TEfn|E= A= 1/252E 9]
85t Foklh =219 HE s Al (4.4) 1)} ii) B 22 NSV
2 (Nelson’s stochastic volatility model)} Sqrt-SV 2 & (Feller’s square-root
stochastic volatility model)©]2} 5}7] 2 St} 2%‘13’} 3 9] 7} ulztu| g
E5A 18382 AFe g4, 2398 ()QFe] 2= BEHAE, 39 [ [9Fe] 4]+
95% HPD--7F(highest probability density interval), 48] <>9F9] 4=2|+= AL
FHEO] AutE 10% TEY THME 50% FE-S H| 5= Geweke| (1992)2]
SH A=A 2FH(Geweke’s convergence diagnostic, CD)-2 LEPHCE =H 2ot
EA CDE EEAFEZE =t} 497} 58-8 [Christoffersen et al.| (2010)
©] 31590 2] [Table 1] =5 FAAME WA S Aolth. 443} 5H 9] 7
a2tn] g 22 1942 SMLFEA Z|((simulated maximum likelihood estimate)Z,
298 ()QFe] 2] H Q@ Xf(standard error)E LEFHTE. |Christoffersen er al.
(2010)2 TE]SHEE o] &3 SMLE=HH o= 2] (4.4)] SEHFTHARTS
A5kt T EE2YEE o] 85t SMLEAHL 8842 A1) 5l
e Z9] 5 SV A9, MCMCY 2] 55 ©]-&56t= H|o]Ad 4K
o 2 A|7to] o Wol A8 F 4= 9l Aol Heho] & 7w o]t [Table 3]
o] Zt ngof et FHZAE B, B Ao MCMCYE L8 5& o] &3t +
7 A1te} ote] 2 HEE ]85 SMLEA ATt ufl-¢ fAFS & 4= Qlot
wrepA 2 Ao A AAISE= Ho| A A =& 45 At ES & S5

olet

5. AZEA

2 doAe AFSEA A= 3.2004 AARF MCMCEle] 5= ©]-87t
M4 E AHEIIR Pk 20019 199 32 ~ 20149 129 308 717
9] KOSPI200 57}7]%= 23R 52015 7, = 100 x (InF; — InPr_1) Q72
2 o] gstol BAel9ich 429 271 T = 34670]ck. [Table 4]0] 5-0] 5
QoFEA o] $-55]0] 9Lon], #712)45} el 0] 2 Figure 20] %o}
AT}, [Table 4]0 A JB= A 29] Jarque-Berad A4 A &= 121l
LB(10)} ML(10)-2 A-F% 109] Ljung-Box 5 A=} McLeod-LiEAlZHS L
EPdict. 7} SAF ofel ()oke] SAE pgHp-values)o]ch. [Table 412 HA
KOSPI200 7] 4= 4=0l50] oF —0.399] o} ok 5270] 21 AL 2 sjxoz

oy
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F 3: Estimation results for stochastic volatility models

NSV Sqrt-SV NSV Sqrt-SV
0.0372 0.0346 0.0408 0.0352
(0.0040) (0.0032) (0.0067) (0.0026)
u [0.0294, 0.0449] [0.0289, 0.0409]
<-0.0962> <1.0815>
47197 6.773 3.9248 6.52
(1.108) (1.5243) (1.1392) (1.1096)
¢ [2.7819, 6.9908] [3.6899, 9.6019]
<0.4177> <-0.8598>
2.7357 0.455 2.779 0.4601
(0.2729) (0.0464) (0.1949) (0.0309)
c [2.2374, 3.2939] [0.3647, 0.5417]
<0.5073> <-1.2436>
-0.7627 -0.7457 -0.7876  -0.771
(0.0411) (0.0454) (0.0345) (0.0375)
p [-0.8407, -0.6812] [-0.8275, -0.6526]
<0.9330> <-1.0517>

Note: In each parameter block in columns 2 and 3, the number in the first row,
number in () in the second row, numbers in [, ] in the third row, and value in < >
in fourth row are the posterior mean, standard deviation, 95% HPD interval and
convergence diagnostic statistic (CD) of |Geweke| (1992) comparing the first The
convergence diagnostic statistic CD has the standard normal distribution. Columns
4 and 5 are the simulated maximum likelihood estimation results excerpted from
Table 1|on page 3159 in |Christoffersen ef al.|(2010). The numbers in parenthesis in
column 4 and 5 are standard errors.

Jarque-Bera® 74 7 A o] 7]7hl& o 4= 9Jr}. 12] 3 Ljung-Box WA -& §-0
817 gl whal McLeod-LiF 4 §-olsith. o2 gt AR AP

—
o
WS A5 54 HelFT glek
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3 4: Summary statistics for KOSPI200 index returns (2001/01/03 - 2014/12/30)

Mean SD Min Max Skewness Kurtosis JB LB(10) ML(10)

4108.31  10.033 1092.3

0.038 1.5716 -12.7389 11.5397  -0.3902 8.2714 (0.0000) (0.4376) (0.0000)

Note: In JB represents the Jarque-Bera normality test statistic with 2 degrees
of freedom, and LB(10) and ML(10) represent the Ljung-Box statistic and McLeod-Li
statistic with 10 degrees of freedom. The numbers in ( ) under each statistic are p-values.

Figure 2: KOSPI200 index and return (2001/01/03 2014/12/30)

200

150

100

-10

1 1 1 1 1 1 1
2002 2004 2006 2008 2010 2012 2014
Time

Note: In Figure 2, the left and right axes represent the P, and r, = 100 x (InP, —InP,_y),
respectively.

cheat 2 BE e AFEA ol gatart.

dinS; = uSdt +/V,dwy, dinS, = uSdt + /VidWy,
. JadVi=x(0-V,)dt+oVidWs, dV,=Kk(0—=V,)dt+6+/V;dWy,
) E[dW); dWy] = pdt = E[dW); dWy,| = pdt
Vo=16(1+2, %) H=G(4.%)

S.1)
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A1 (5.1)0] AZAT FEAFARG] Ut ANT0A 2ol sin gL
the 3} 2t

(”z:.uA‘F\/\Ttst (’”t:lJA‘F\/VTSz

dvip 1 =u+ (v — ) +0onvn; dvip1 =+ (v — 1) +0n Vil
. Vv, >0 ) Vv, >0

&~N(0,1), n,~N(0,1) & ~N(0,1), n,~N(0,1)

corr(& , n;) =p corr(g ,n) =p

(5.2)

4 (52014 ut = pSAelet. 4 (52) RPE| setule o] cfg A BN
L ohet ol AAsHsr

n(.uA) = N(0, 104) , w(p) = TN(O,OO)(Oa 102) , (9) = TN(—],])(Ov 102)
n(y|®?) = N(0,0%/2) , n(w?) =1G(2.5,0.025)
(5.3)

X (5.3)9] ARAFEUEISE A (429 AAFEUE G5 A0z 7
ARl 7Phe pdo] AU F7He Aolth & 15U ALFE
Be AT 5, 27] SUAHe] BES Aelg rix] 108179 EEAA 10
Amket shba e defAl 187]0] ALFELS ol x|l FEo] o] 85t
At

7} 1 o] shepn] e Sof the 54 A7He [Table 59 Figure 3] 4-2 5]
oI} [Table 327} 39] 7} et o ZEof 4] 198L ALFHE, 23 ()]

Hol] AetE 10% ZEE T} S HHE 50% 22 H] 1 5}= Gewekel (1992) 9]

G E A UErdth 482 NAGRCH(1,1) 25 =YX 2HE doj7]
+ GARCH =gt} of] tff-§-5]+= otefn] 8 4 2[o]H ()QFe] 4=2]= d e
(delta method) © & ¢+ TF @ 15 LHeEFHTY. [Table 5P A ‘log-likelihood ‘=
1059t/ 9] n}E|2-g o] gslE REmEZUEE Qe Aolrt. NSV-GRF 9|
"log-likelihood‘of| 4] [|9F2] 4=2]+= NAGARCH(1,1)®§ Q] 2 1% o|t}. 11
2131 Figure 3°] (A)2} (B) 122 77 NSV 7} Sqri-SV2 ) wfafo] e 5 o]
AP F o tigt QoF D53 TS Aotk ZF gfid oA 1g9~4d-2 7}
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F(trace plot), A}7|AFEF(autocorrelation plot),
793+ & g+ (empirical kernel density), A} E 2 0] 4~
TSt 4= 9] = Bauwens and Lubrano|(1998)2] CUSUMZF-2- T Aot
Edfo]AZFol 4 & AHL AR A4S Ae LOESSE

ny
H ém
£l
I
o
|~
e

oxl L @ o 1N
O > -
Rl

Rl
O,

t}.

=0l0] HOJE 9ol A (5.2) )X P NSVET, 4] (5.2) ii ) 3P= Sqrt-
SVE3], 12|11 NAGRCH(1,)2 3 mtefn|e FHX]E 4] 2.7)o| 42}t 2ol
HAste] 43 NSVE S NSV-GR ozt 51712 it CD<}
Figure 39| E[o|AER, A7 HER, CUSUMER2 AvtAd o= At g
Ho] Lo EA7F §l-a-2 HolFal Qluh. [Table Sl A R E Thof| 7H F=
Tzl ztolE Kol metnE = g a5 Aok polth. NSVE
F O] 7% p o] AFF o] oF -0.36 of] ¥l Sqrt-SV RS O] 739 AFF T o]
°F0.56 0 = FH LIt} o] 2} T2 Zpo]= NSVE G o] 739 2 A2
2A1o] HsAdo] 7] 9] R4 f=50f o] &ot= §IH, Sqrt-SVE S o] 7%
719 ZAFEALS] Al g ol o&Est= 40 711t Ao 2 & 5 Ut 9]
et B dA o] £ 0= QIo) Sqrt-SVE oA FUg 279 39 #9&
F7l0] 012 7]0] 2AREAS AYLF0 2 Z74A]7)7] o) o 2 Arj
£ 7M1= pupetelE 7 285 A o2 Hl

390 25 NSV-GEY 274 ATHE W, 4, 9,
ZENSVEFO] JAERHT A¥tEo g o 31, oy 533+ o &
et ick 499 BolA g AiE Tejstel o E 2HASS Boreh,
NSV-GR | netu]e] 247]0] B} 24T 4 ok AR B 45 97
NSVE@te] me u]mE FoA o] S Selg 4 L. Figure 4= NSV
7} Sqr-SVRE W54 {7} o AFBFS TAF Zlo|th. Figure 49 4]
AT} 12 ZFZ NSVR YT} Sqrt-SVE P 9] /v, o] AAE B PS5 LE
Wt Figure 45 X H 2008 4t ~ 2009 7]7ke] vl=r 559171 7|17 &<t
NSVE 1} Sqrt-SVE S o] HF5 o] IA Zo|7t dra & 4 AUt &, ¥4
o] §ASHA F7tot= 7|3te] Sqrt-SVE P HTh NSVE o] ¥-5/4do] ¥ =27
7Vt 540l Ad= & 5 Ut NSVE G o] o] 2 et £ wfZ o] NSVE S
o] Sqrt-SVRE F H t} ] £2 A5 H Y 4= Qlti(Christoffersen et al.| (2010)).

SHEHEARY ol et Xty R P u| & 9ol uE| =2 B (particle fil-
ter)E ©]-&ot= Aol Bastt. e ST oA LB LTS (sequen-
tial importance sampling)Z} 2] HZ 2 (resampling) 0.2 AJASH 7150 B E
(weighted discrete samples) © 2 A|AFo] o] H AL B7153 QA 9 AFel -7t
R0 e GEUL ot ASAELLEAGTE LA o] o). Kim ef
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F 5: Estimation results for stochastic volatility models

NSV Sqrt-SV NSV-G
0.0674 0.041 0.0309
(0.0194) (0.0195) (0.0198)
Ha [0.0289, 0.1051] [0.0033, 0.079]
<1.1575> <-0.7273>
1.9485 2.3616 3.4408
(0.1908) (0.3178) (1.4599)
H [1.5868, 2.3270] [1.7810, 2.9911]
<-1.2706> <-0.4474>
0.9777 0.9825 0.9933
(0.0035) (0.0041) (0.0036)
¢ [0.9707, 0.9841] [0.9747, 0.9903]
<0.3086> <-0.7401>
0.0403 0.0439 0.0191
o2 (0.0058) (0.0084) (0.0042)
n [0.0294, 0.0052] [0.0287, 0.0606]
<-0.0569> <0.5795>
-0.3627 -0.5602 -0.6545
(0.0547) (0.0511) (0.047)
p [-0.4656, -0.2527] [-0.6558, -0.4573]
<0.5895> <-1.0926>
o -5892.5
log- likelihood -5899.4 -5898.9 [-5925.3]

Note: In each parameter block in columns 2 and 3, the number in the first row, number in
() in the second row, numbers in [, ] in the third row, and value in < > in fourth row are
the posterior mean, standard deviation, 95% HPD interval and convergence diagnostic
statistic (CD) of |Geweke|(1992) comparing the first The convergence diagnostic statistic
CD has the standard normal distribution. Column 4 represents the parameter estimates
of the discretized model of NAGARCH(1,1) limit diffusion model obtained transform-
ing the paramter estimates of NAGARCH(1,1) model according to eq. (2.3). Numbers
in paretheses are standard errors obtained applying the delta method to corresponding
transformations. The log-likelihood of respective model in Table was obtained applying
auxiliary particle filter using 100,000 particles. Number in [ | below the log-likelihood
of NSV-G model is the log-likelihood of NAGRACH(1,1) model.

al (1998)o)| A FEHNFAHAEE AH-S 25) 0] 85 o] ntg| 2L e = 3HEH
TARF T -2 AHHA 9l v A v A A E]3-7H & (nonlinear non-gaussian
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state space models) A1} Zgto]| o] & thH(Kim et all 1998; (Chib et al.,
2002; Durham and Gallant,, 2002 |Chib et al., 2006;|Omor1 et al.l 2007; |Christof-
fersen et al., 2010; [Malik and Pittl, 2011} [Ferriani and Pastorellol 2012 ). o}
E]-2d ] 9] ZA} A I (approximation accuracy) @} § -84 (efficiency)-2 = Q 3+
£ U =9 (importance density)e} 2| &5 W A€o A dF= &
Uk B2 FEFES QR OSS TS EULSet HAEY
S0 AAE et otE| S g of et Kot ZA| Rt =2]+= Cappé ez al., 2007,
Creal, [2009; Doucet and Johansen, 2011| 52 2% S 4= Q) t}. o] 5lof| A otE] &
ZEE o83 A AFY R gv|w SAZ =0l ol teFotA =2lst7 1=
aet.

o] 2 Y g E o] 861 17]7F of| =2 (one-step ahead predictive distribu-
tion) Q1 PIT(probability integral transform)E A4t 4= It} 2 1= Pitt and
Shephard (1999, 2001) 2] X Z u}E]Z = ¥ (auxiliary particle filter)2} Carpenter
et al. (1999)°] A A2 2]4l& % (systematic resampling)-= ©]-§5to] LEHF
YEg Ade] WA PITS 7otgich. HAnte 2 e S o] 8517 o) 4
(5.2)9] 2AFEAN A A2 242 vh3 2 2o Hekst= Zlo] H a5t

2~
e
i

|y

(i) vi=l+Ovio1— W)+ P01 (r-1 — UA) + /1 —propgvian,
W, >0, 1 ~ IN(0,1)

i) vi=H4 (v — 1) +poy(r1 —ut)++/1—p20y/vi1n/
Wi >0, 1 ~ IN(0,1)
5.4)

2 54014 IN(0,1)2 E2 9 BEHFEES LR,
g g4 027} et A5 slo] HEj2UEE
Il

Sute| 2 WElS o] gotof The Tt Lo] PITE 7 4 9lct.
u(Wo) = Pr[Ry < ry|ri—1: o)
SIUITING
= /Pr[Rt <re|ve, rra—1 Wol p (e i —1; Wo)dve =~ ZW,,1P("t|Vt )

i=1

719 19k R Zk2E A0 9] 5018 T 2)9} olol] g SHEWL, riy 1 = {1, 51},

yoi= Fufetule] weolch. Jelx wl) & 1 — 17]9] iwiA shelFe] WejsbEA (fltered

weighto] o1, P(ry|vi”) P(rilvi”) = [ p(ylvi”)dyQ] #52] 1,0 - R EG4e0]h,
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dent and identically distributed standard uniform distribution) i.i.d U[0,1]E u}
ErtH(Rosenblatt (1952)). Hong and Li| (2005)+= PIT2] =% A (independence)
7} Q1P (uniformity) & Aot PR BYG UHE & 9 HES &
Y A A (nonparametric omnibus test)-2 A A5t} Hong and Li| (2005)
AL RPFA o e 2ol S T2 o= FRlo] A9 B R
A7 ol B & Y= Z(band width)o]] s ShH= A2 Hlag) AEio] H Q 5}t
olstoll 4 TR 3p] 528 7} SHEHEARGES v @ska g,
NAGARCH(1,1)2 ¢ n}ato| 6] 34 2] 5 Heher NSV-GR g 34 21}
= watoi ok o] Tafahd, wlol A F A ok 1A FI el
RYPEL v wsH= o] Bt #aje 4= o] w42 2 o] A Rivers and
Vuong|(2002)+= t}oFst v i H] 41§ 5 22 & (non-nested nonlinear dynamic
models)-& H| 1 5}= HIH-S A A5} ¢4t Rivers and Vuong|(2002)0] w2 H &
o] sfetule] 22 7h VTAAH S A A9 M2 T2 o2 245
TY P v e S It Rivers and Vuong (2002)+= 2+ o] |5
AyoR 248 A9, F 2elo] 2195} 2ok AR sloll 4 tha 3}
2ol 219G B RO A7} EEYTREES ThEcs A8 R,

mO

F o

VT [logL(élT;Ml) —logL(éﬂ?MZ)] 4 N(0,1) (5.5)
— ) )

A

or

ol 7oA 6% = Var (\/T [logL(élT;Ml) —logL(ézr;Mz)D logL(6ir M;) =
T=' YT logL(y; 67)o]tt. 632] 34 x| 2= |Andrews| (1991)©] HAC (Het-
eroskedasticity and autocorrelation consistent)5= % 2| & o|-8& 4= Qlc}. &-EH
Z AR 3o tjgtRivers and Vuong| (2002) =3 v ¥ o] AHH -2 utatu] g
270l g 2eHAAE T2l YA B wwsl sl Holr,
TR Hof| 7I7h2 APt E U =95 o]-&5to] SHER-EA R of it Ho]
AN F4L A, e HEY AR EY FHEE JH4)2 ohetul g o
gt HeFA2A = & 4 Utk et BExuE I8 E 5o 22 21 E

—_

TN O 2 Hlol A9l S T A9 FM S5 (marginal likelihood)] 1]-§-<1 o] = ue
(Bayes factor)E ©]-g§sty] RS H T 4= k. I=u SERSAL G ol v
S-S BASH RP0) A9 FUSEE 2L 20| tha BT S Yot Berg of

3 H] o] Spiegelhalter ef al.| (2002) 2] DIC(deviance information
criterion)7} o188 0] % SHEHEAR o] that ool 4] 1A ¥ U © 2 DIC} 41 of
L7 9ith 18y DICE 24 parameterization)of] M1 7}¢F E#Jo] gl o B 2 H|YE R T
W2 Agat7) 94 4 .

=)

nx
o
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Figure 3: Bayesian inference results for stochastic volatility models

(A) NSV model
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(B) Sqrt-SV model
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Note: Figure 3 displays the summary statistics of posterior samples of NSV and
Sqrt-SV models. Each row of panels (A) and (B) displays trace plot, autocorrelation
plot, empirical kernel density and [Bauwens and Lubrano| (1998)‘s CUSUM plot
that evaluates the convergence of posterior samples. The thick solid lines in the
trace plots represents the LOESS estimates that fit the trajectorys of the posterior
samples of paramters, respectively.
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Figure 4: Posterior means of the stochastic volatilities of NSV and Sqrt-SV Models

—— NSV
— — sqgt-sv
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Note: In Figure 4, the solid and dashed lines represent the posterior sample means of
/¢ of NSV and Sqrt-SV models, respectively..

£ 0]-85}o] Rivers and Vuong (2002)0] A AJA| = o 2 RS H| W 4
et
Johannes et al| (2009)+= TS EEHE &l €2 FEd5E ©]-85to]
5 29 1] se-
SENEARgol BaH A
(Johannes et al.| (2009))).
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2 526 Qe ot vI0e Aag

4> o
S |
o

LR; (1) = LO" [ Mi _ p( | M) x LR; (1 — 1) (5.6)

M,
Ly |M;  p(y: | M;)

AZNNA ¥ = {y1, -,y }OI o, Ly | Mi)= F01 7 mhatu] el glol A nhe 23
HE olgsto] 73 71714 9] Mim g o] ST otS ek,

10517]2] Tl 2S o] gal REmEIUHE £
3t 219p4-8 75 Hong and Li (2003) -1
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H 6:Hong and Li|(2005)) test results for stochastic volatility models

model lag(p) M(1,1) M(2,2) M@3.3) M®#4) M1,2) MQ21) W() Q(p)

20 0.0295 0.4300 1.2074 19328 0.1257 0.6869 20.8173 6.5933

25 0.3165 05158 1.0755 1.6162 0.2923 0.8654 22.6327 6.3299

NSV 30 0.5326  0.5659 0.9782 13923 0.3962 0.9948 23.8300 4.2122
35 0.7357 0.6345 0.9425 1.2634 0.5069 1.1191 25.6997 2.6241

40 0.9606 0.7160 0.9407 1.1895 0.6394 1.2487 26.2986 2.7938

20 -0.1030  0.1723 0.7591 1.3495 -0.0715 0.534 16.6783 3.9200

25 0.1992  0.2992 0.7045 1.1323 0.1012 0.7559 18.7897 4.4610

Sqrt-SV 30 0.4356 03819 0.6616 09765 0.2153 09245 19.7514 3.8322
35 0.6628 0.4799 0.6709 0.9027 0.3400 1.0866 21.6548 0.9490

40 09157 0.5893 0.7074 0.8744 0.4915 1.2525 22.1633 2.7677

20 0.0516 0.3333 0.8725 1.3380 0.0687 0.7479  20.4781 4.6298

25 0.3669 0.4861 0.8758 1.2221 0.2356 1.0030 22.3847 4.7867

NSV-G 30 0.6101 0.5859 0.8719 1.1347 0.3442 1.1955 23.8019 5.2768
35 0.8379 0.6954 0.9095 1.1109 0.4623 1.3731 26.0950 1.9414

40 1.0906 0.8125 0.9656 1.1169 0.6067 1.5511 27.0776 4.3879

Note: In [Table 6| all Hong-Li test statistics follow the standard normal distribution
asymptotically , and the gray cell indicates statistical significance at the 5% significance
level.
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3 7: Non-nested model comparisons (Rivers and Vuong, [2002)

Models compared Rivers and Vuong test statistics
-0.0001
NSV - Sqrt-SV
(0.95)
-0.0019
NSV -NSV-G
(0.30)
-0.0018

Sqrt-SV - NSV-G
0.41)

Note: In each number in parenthesis represents p-values.
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Figure 5: Sequential log-likelihood ratios (Johannes et al.| (2009))

T NSV Sart-SV
SR SV - NSV-G
Sqrt -8V - NSV-G

Note: In Figure 5, the solid, dashed, and dotted lines represents the sequential log-
likelihood ratios that compare the NSV - Sqrt-SV, NSV - NSV-G, and Sqrt-SV - NSV-G
models, respectively.
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